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Abstract

In this paper a numerical approach for binary fluid mixtures is proposed. A lattice

Boltzmann algorithm for the continuity and the Navier-Stokes equations is coupled to

a finite-difference scheme for the convection-diffusion equation. A free-energy is used to

derive the thermodynamic quantities related to the equilibrium properties of the system.

Spurious velocities are reduced by using a general stencil scheme for discretizing spatial

derivatives.
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1. Introduction

Lattice Boltzmann (LB) method is a widely used technique to simulate
physical phenomena for fluid systems [1]. It consists of a phase-space dis-
cretization of the Boltzmann equation [2] and proved to be an excellent
tool in several cases for simple and complex fluids [3].

In this work we develop an hybrid approach to study the dynamical
properties of a binary fluid mixture solving numerically the continuity, the
Navier-Stokes and the convection-diffusion equations. In a previous model
[4] these were solved by using two LB equations. The main inconvenient is
that spurious (undesired) terms were present in the continuum limit of the
hydrodynamic equations. We show that this drawback can be cured by using
a LB method with a forcing term for the continuity and the Navier-Stokes
equations and a finite-difference scheme for the convection-diffusion equa-
tion. This hybrid approach gives good numerical results in reducing spurious
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velocities when a general stencil is used to discretize spatial derivatives in
the forcing term.

The paper is organized as follows. In Section 2 we describe the thermo-
dynamic properties of a binary fluid mixture and present the LB method.
Moreover, a description of the numerical scheme for the convection-diffusion
equation is given. In Section 3 some numerical results are discussed and the
Section 4 concludes this paper.

2. The model

The theoretical framework to describe the equilibrium properties of a
binary fluid mixture is given by a Landau-type mean-field theory in which
a free-energy is used to obtain thermodynamic quantities. A suitable form
for the free-energy [5] is given by

(1) F =
∫

dr
[
nT ln n +

a

2
ϕ2 +

b

4
ϕ4 +

κ

2
(∇ϕ)2

]

where n is the total density of the mixture, ϕ is the concentration difference
between the two components and T is the temperature that is assumed
constant. In Equation (1) the term depending on n is linked to the ideal
gas pressure, the polynomial terms in ϕ describe the bulk properties of the
fluid and the gradient term describes the interfacial ones.

When the two components coexist, the equilibrium values of concen-
tration are given by ϕeq = ±

√
−a
b . In this case the coefficient a must be

negative. The equilibrium interface profile [6] is given by

(2) ϕ(x) = ϕeq tanh(
2x

ξ
),

where ξ = 2
√

2κ/(−a) is the interface width and the surface tension is
σ = (2/3)

√
2a2κ/b.

From the free-energy (1) one can obtain the chemical potential

(3) µ =
δF
δϕ

= aϕ + bϕ3 − κ∇2ϕ

and the pressure tensor

(4) Pαβ = p0δαβ + κ∂αϕ∂βϕ.

In this last expression, p0 is the diagonal part of the pressure tensor given
by

(5) p0 = nT +
a

2
ϕ2 +

3b

4
ϕ4 − κϕ(∇2ϕ)− κ

2
(∇ϕ)2,
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while the second term is a concentration gradient contribution required to
satisfy a general equilibrium condition for the pressure tensor ∂αPαβ = 0
[7].

The dynamic behavior is described by the continuity and the Navier-
Stokes equations that take into account, respectively, the conservation of
mass and momentum, and by the convection-diffusion equation [8]:

∂tn + ∂α(nuα) = 0,(6)

∂t(nuβ) + ∂α(nuαuβ) = −∂αPαβ + ∂α{η(∂αuβ + ∂βuα − 2δαβ

d
∂γuγ)(7)

+ζδαβ∂γuγ},
∂tϕ + ∂α(ϕuα) = Γ∇2µ,(8)

where u is the fluid velocity, η and ζ are the shear and the bulk viscosities,
respectively, d is the dimensionality of the system and the constant Γ is a
mobility coefficient.

To solve numerically these equations, we use a mixed technique that
consists of a lattice Boltzmann scheme for Equations (6) and (7) and a
finite-difference scheme for Equation (8).
2.1. The Lattice Boltzmann scheme and the calculation of the forcing term

The lattice Boltzmann scheme is defined on a square lattice of size
N × N with first and second neighbors interactions. The horizontal and
vertical links have length ∆x, the diagonal ones

√
2∆x, where ∆x is the

space step. On each site x at each time t, a set of distribution functions
fi(x, t) is defined and each fi is associated with a lattice velocity vector ei

that has modulus |ei| = ∆x
∆tLB

≡ c, being ∆tLB the LB time step, for i = 1
(east direction), 2 (north), 3 (west), 4 (south) and modulus |ei| =

√
2c for

i = 5 (north east), 6 (north west), 7 (south west), 8 (south east). A zero
velocity vector e0 is also defined.

To simulate Equation (7) we use a LB approach with a forcing term.
The evolution equation of the distribution functions is
(9)

fi(x+ ei∆tLB, t+∆tLB)− fi(x, t) = −∆tLB

τ
[fi(x, t)− feq

i (x, t)]+∆tLBFi,

where Fi is the forcing term that must be determined, τ is a relaxation
parameter, and feq

i (x, t) are the local equilibrium distribution functions.
The total density n and the fluid momentum nu are given by

(10) n =
∑

i

fi, nu =
∑

i

fiei +
1
2
F∆tLB,

3
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where F is the force density acting on the fluid. The form of feq
i is chosen in

such a way that the mass and the momentum are locally conserved at each
collision step. These conditions are satisfied using the following relations

(11)
∑

i

feq
i = n, nu =

∑

i

feq
i ei.

To obtain the continuity and the Navier-Stokes equations in the continuum
limit, a suitable choice for the equilibrium distribution functions is given
by an expansion up to the second order in the fluid velocity u [9]

(12) feq
i (r, t) = ωin

[
1 +

ei · u
c2
s

+
uu :(eiei − c2

sI)
2c4

s

]
,

where cs = c/
√

3 is the sound speed of the model and the weights ωi are
given by ω0 = 4/9, ωi = 1/9 for i = 1 − 4, ωi = 1/36 for i = 5 − 8. The
expression chosen for feq

i also satisfies the relation

(13)
∑

i

feq
i eiαeiβ = nc2

sδαβ + nuαuβ.

The forcing term Fi in Equation (9) is expressed as a second order expansion
in the lattice velocity vectors [10]

(14) Fi = ωi

[
A +

B · ei

c2
s

+
C :(eiei − c2

sI)
2c4

s

]
.

The coefficients A, B and C are related to the moments of the force by the
following relations

(15)
∑

i

Fi = A,
∑

i

Fiei = B,
∑

i

Fieiei = c2
sAI+

1
2
[C+CT ].

and depend on the force density F which will be given later.
By using a Chapman-Enskog expansion at the second order in the Knud-

sen number ε and assuming the force term to be of the first order in ε [11],
the continuum limit is obtained. The choice
(16)

A = 0, B =
(

1− ∆tLB

2τ

)
F, C =

(
1− ∆tLB

2τ

)
(uF + Fu)

results in the continuity and the Navier-Stokes equations in the following
form

(17) ∂t(nuβ) + ∂α(nuαuβ) = −∂β(nc2
s) + ∂α{η(∂αuβ + ∂βuα)}+ Fβ
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are obtained. It is important to note that no spurious terms are present,
except for a term of order u3 that is neglected. This approximation is correct
as far as the Mach number u/cs is kept very small [1]. For this model the
bulk viscosity is zero and the shear viscosity is

(18) η = nc2
s∆tLB

(
τ

∆tLB
− 1

2

)
.

The final expression of the force term turns out to be

(19) Fi =
(

1− ∆tLB

2τ

)
ωi

[
ei − u∗

c2
s

+
ei · u∗

c4
s

ei

]
· F,

being F the force density given by

(20) F = −ϕ∇µ.

in the case of a binary mixture.
The force density (20) is computed by a general nine-point stencil repre-

sentation of finite difference operators. This is done to ensure isotropy [12]
and to reduce spurious velocities in the numerical solution [13,14]. The
stencil representation for the first derivative and for the laplacian is

(21) ∂Dx =
1

∆x



−A 0 A
−B 0 B
−A 0 A




(22) ∇2
D =

1
∆x2




E G E
G −4 (E + G) G
E G E




with 2B + 4A = 1 and G + 2E = 1 for consistency between continuous
and discrete operators [12]. The subscript D stands for discrete operator.
The central entry in the operators is the site in which the derivative is
calculated, while the remaining entries refer to the other eight sites (first
and second neighbors) around the central one. The parameters B and G are
chosen to minimize the spurious velocities as shown later. The usual choice
(UC) corresponding to the second order centered finite difference operators
is B = 1/2 and G = 1. In the following we will compare this choice with
the best one (BC) obtained numerically minimizing spurious velocities.
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2.2. Numerical implementation of the convection-diffusion equation

To solve the convection-diffusion equation (8) we use a finite-difference
scheme in which the time is discretized in time steps ∆tFD related to the
lattice Boltzmann time steps by the relation ∆tLB = p∆tFD, being p an
integer. The order parameter ϕ(x, t) is discretized on the same lattice used
for the LB method. At discrete times ts = s∆tFD (s = 1, 2..) we define
ϕs

l,m as the value of ϕ calculated at time ts on the lattice site (xl, ym). The
numerical solution of the convection-diffusion equation comes out updating
the value ϕs in two successive steps: ϕs → ϕs+1/2 → ϕs+1. In the first step
the convective part is integrated using an explicit Euler scheme [15] and
calculating the derivative of the order parameter ϕ by using a first order
backward scheme if u > 0 and a first order forward scheme if u < 0. In the
second step the diffusive part is implemented using an explicit Euler scheme
and discretizing the operator ∇2, on the r.h.s. of the convection-diffusion
equation, by using the form (22) with the usual choice of the parameter G.
This scheme allows to have a good numerical stability [16].

3. Results and discussion

We have simulated a system made of a circular liquid drop of radius
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Fig. 1. Equilibrium pattern of the concentration ϕ of a liquid drop on a lattice of size
N = 128 in the UC scheme.
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Fig. 2. Velocity field at equilibrium for the UC scheme with τ/∆tLB = 1. Velocities are
measured in units ∆x/∆tLB .

32∆x with an initial sharp interface placed at the center of a lattice of size
N = 128. We have assumed ∆x = ∆tFD = ∆tLB = 1, and the parameters
a, b and κ in the free-energy are chosen so that −a = b = 10−3, κ = −3a.
This corresponds to an equilibrium interface of width ξ = 5∆x. Moreover
τ/∆tLB = 1 and Γ = 5.

We have compared the numerical results obtained with the UC scheme
and the ones obtained with the BC scheme. The equilibrium pattern in
the UC scheme is shown in Figure 1, in which the drop has relaxed to
equilibrium. The corresponding velocity field is reported in Figure 2. An
investigation of the velocity pattern shows the existence of non-negligible
values especially at interfaces. For this reason we have proposed the BC
scheme.

The results for the BC case were obtained scanning different values of
the parameters B and G to reduce the maximum value of the velocity on the
whole lattice. The couple of values that minimize the velocity is B = 0.3
and G = 2.5. We found that this optimal choice holds over the range of
values [0.6; 10] of τ which is of physical interest. The equilibrium pattern
and the velocity one for this case are shown in Figures 3-4. We can see that
there is a decrease of a factor ∼ 10 for the velocities when using the BC
scheme respect to the UC scheme. Indeed, from Figure 2 and Figure 4, we
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Fig. 3. Equilibrium pattern of the concentration ϕ of a liquid drop on a lattice of size
N = 128 in the BC scheme.

can see that the maximum value of the velocity in the UC is ∼ 2 · 10−4

while the one for the BC case is ∼ 2.5 · 10−5 (velocities are measured in
units ∆x/∆tLB).

4. Conclusions

In this work we have proposed a new method to study the dynamical
properties of a binary fluid mixture that consists in solving the continu-
ity and the Navier-Stokes equations by using a LB method with a forcing
term coupled with a finite-difference scheme for the convection-diffusion
equation.

The main result of this work is twofold. This mixed approach allows to
obtain the correct form of Navier-Stokes equation without spurious terms.
Moreover, in the BC scheme there is a decrease of the spurious velocities
when using a nine-point stencil scheme for discretizing space derivatives in
the force term. The reduction with respect to the UC scheme is of about
one order of magnitude. We have also probed the model over a wide range
of values of τ finding a good stability for the same set of parameters of the
BC scheme. Finally, we have shown that the time and space scales used for
the convection-diffusion equation and the LB scheme are the same.
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Fig. 4. Velocity field at equilibrium for the BC scheme with τ/∆tLB = 1. Velocities are
measured in units ∆x/∆tLB .

The analysis presented in this work opens the possibility of extending
this approach to the case of thermal binary fluids, where the temperature
is not assumed constant and is enslaved to the energy equation.
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